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The concept of a particle concentration dependent yield stress, previously employed
in studies of uniaxial consolidation of a flocculated solid phase dispersed in a liquid,
is extended to comprise flocculated phase shear strength. The inter-particle stresses
are modeled by assuming that the stress state is always located on a yield-surface in
stress-space, whose form is adopted from the Cam-clay plasticity theory for the quasi-
static consolidation of soil. By treating the time-dependent dewatering of a suspension
trapped between a permeable filter and a sliding piston, as well as the asymptotic limit
of a cross-flow filtration situation, the differences with respect to the conventional uni-
axial models are made apparent, and the effects of the shear stresses on the consolida-
tion process are elucidated. Applying shear is predicted to increase the rate of the
drainage process, because of a reduced load bearing capacity of the flocculated phase,
and the correspondingly higher pore pressures. � 2008 American Institute of Chemical

Engineers AIChE J, 54: 924–939, 2008
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Introduction

The separation of the liquid and solid contents of a sus-
pension has widespread practical importance, and the task
can be undertaken by, e.g., subjecting the suspension to a
gravity field (sedimentation) or by pressure filtration. In
many situations, not only the rate of the process is important,
but also the morphology of the separated particle phase.
Among the many examples of application areas, one finds
fields as diverse as ceramics production, mineral processing,
sludge treatment and paper manufacturing.

Historically, gravitational thickening has received more
attention than pressure filtration. Kynch1 presents a kinematic
theory of batch sedimentation based on the continuity equa-
tion of the solid phase. His main assumption is that the local
flux of particles is a function of the local volume concentra-
tion of solids / only. Long-range hydrodynamic forces are

hence not accounted for by the Kynch theory, and neither is
the possibility that stresses are transmitted through the parti-

cle phase. The latter interactions have traditionally been

accounted for by introducing a ‘‘particle pressure’’, depend-

ent upon /, in the mathematical description of the separation

process. In this way, a dependence of the flux on the gradient

of / is obtained. In a flocculated suspension, which is the

kind that is of primary concern to this study, the origin of

the particle pressure is the mechanical contact between the

particles. Other possibilities exist, however. As an example,

in the case of a stable colloidal suspension the particle pres-

sure corresponds to the osmotic pressure. The first study of

settling of a flocculated suspension incorporating particle

stresses seems to have been the one by Michaels and

Bolger.2 The authors performed an analysis in which a con-

stant uniaxial yield stress was employed. Early works that

include concentration dependent particle stresses are the ones

by Shirato et al.3 and Adorján.4

The Kynch analysis predicts the formation of discontinu-
ities in / during the settling process. According to Auzerais
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et al.,5 the nature of these discontinuities has been much
debated. By retaining both inertial effects and inter-particle
stresses in the momentum balance of the batch settling
problem, in addition to viscous drag and gravity, they are
able to show by scaling arguments when approximate discon-
tinuities in / can be expected. In the case these are caused
by stresses transmitted by the particles, the controlling pa-
rameter is a Péclet number, Pe, expressing the magnitude of
gravity to inter-particle forces. Sharp gradients, separating
regions where Kynch’s theory is valid, only occur for large
Pe. The analysis by Auzerais et al.5 also resolves the ambi-
guities previously involved in finding solutions by Kynch’s
method. Employing the technique of matched asymptotic
expansions to the transient settling of a colloidal suspension,
Davis and Russel6 obtain a solution valid in all regions of
the suspension for large values of the relevant Pe.

In their studies of sedimentation of flocculated suspen-
sions, Buscall and White,7 Landman et al.8 and Howells
et al.9 argue that for sufficiently high solids concentrations,
the flocs form an interconnected network that can withstand
external forces. To describe this they introduce a concentra-
tion dependent yield stress, which is defined as the value of
the network stress above which the load cannot be balanced
by elastic stresses in the solid phase. The network will then
consolidate irreversibly. Unlike, e.g., Adorján,4 they do not
assume a priori that the particle pressure equals the yield
stress. However, it is found that if the rate of consolidation
of the solid phase is limited by the drainage of fluid between
the particles, rather than the breaking and reformation of par-
ticle–particle bonds, this is likely to be a very good approxi-
mation. The same concept is used by Landman et al.,10

Landman and Russel,11 and Landman et al.12 to model parti-
cle stresses during pressure filtration, as well as in the most
recently published works on separation.13–16 Experimental
observations of yield-stress and elastic properties of some
strongly flocculated colloidal suspensions are presented by
Buscall et al.,17,18 and Channell and Zukoski.19 Notably, the
suspensions are observed to possess finite yield-limits in both
shear and uniaxial compression.

All the hitherto cited theoretical studies of pressure filtration
deal with uniaxial filtration, in which only normal loads are
applied to the network of flocculated particles. However, in cer-
tain applications, the network is subjected also to shear loads. It
is a reasonable assumption that these additional load compo-
nents influence the ability of the solid structure to resist the nor-
mal load, since they increase the strain on the inter-particle
bonds. Practical experience confirms that combining normal and
shear loads does indeed have a favorable effect on separation
rates.20 Further, the displacements of the suspension constituents
are not necessarily restricted to a single direction. It is evident
that, to cover additional filtration applications, a more general
model is needed for the stresses and strain-rates in the floccu-
lated network, than is provided by the above previous works.

Gustavsson20 presents a model for consolidation, in which
it is assumed that the inter-particle forces manifest them-
selves as both an isotropic strain-rate independent stress, and
deviatoric viscous stresses. The model is used in a two-
dimensional context to consider settling by gravity of a sus-
pension contained in a closed vessel, while shear is applied
to the sediment on the deposition surface. Deviatoric rate-
independent stresses are however not taken into account.

For granular flows, Savage21 puts forward the proposition
that, in the intermediate regime where both short-time colli-
sions and continuous contacts occur between particles, the
total stresses might be represented as the linear sum of a
rate-independent frictional part and a viscous part obtained
from the theory for the fully dynamic rapid flow regime.
More detailed treatments based on this concept are per-
formed by Johnson and Jackson22 and Johnson et al.23 The
models for the frictional stress tensor are taken from the dis-
cipline of soil mechanics, where plasticity models have been
developed for the yielding of porous media under general
load conditions (cf. the standard textbooks24). Soil plasticity
theory, combined with elasticity, is also employed by Zhao
et al.25 for an analysis of wall effects in a Compression-Per-
meability Cell*, and by Owen et al.26 to study the rolling of
prepared sugar cane. However, these works do not address
the effects of applying shear loads, nor the role played by
the deviatoric stresses in the model.

In the present study we add the divergence of a strain-rate
independent stress tensor representing inter-particle forces to
the momentum balance for a mixture of solid particles and
liquid. For these stresses, a plastic constitutive theory is
adopted from the field of soil mechanics. In this way, it is
possible to generalize the yield-stress concept previously
employed for uniaxial consolidation to also include the shear
strength of the flocculated particle structure. As a result of
the choice of constitutive theory, external loads transmitted
to the solid phase can only be balanced by strain hardening
because of volumetric compression. At certain (‘‘critical’’)
stress states, resulting in isochoric deformations, this mecha-
nism is not at work and the deviatoric deformation rates
become undefined. To overcome this limitation, viscous
deviatoric stresses are also attributed to the particle phase in
the model. By applying the model to two types of plane
sheared consolidation, its differences with respect to the con-
ventional models are made apparent, and the effects of the
shear stresses on the consolidation process are elucidated.

Formulation

Two different filtration problems are considered. First, a pis-
ton driven consolidation is studied, where the flocculating sus-
pension is trapped between a solid, sliding piston, and a perme-
able filter (cf. Figure 1a). In the second problem, the sliding
piston is replaced by a cross-flow of a body of liquid pressed
through the flocculated suspension trapped by the filter below
(cf. Figure 1b). The mathematical treatment of these problems
is detailed below, utilizing their principal similarities.

We first turn to the piston-driven consolidation. The plates
constituting the piston and the filter are assumed to lie in a
horizontal xz-plane, and to be rigid, parallel and of infinite
extension. The piston is impermeable to both the liquid and
the particle phase of the suspension, whereas the filter is
impermeable only to the particle phase, and perfectly perme-
able to the liquid phase. The initial volume fraction of solids,
/0, is assumed homogeneous and higher than the gel point /
5 /g at which the solid phase first starts to form an intercon-
nected network. Consequently, the entire space between the
plates is filled with a flocculated network having an inner

* These devices are used for uniaxial consolidation experiments.
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strength and capable of bearing certain loads. While the filter
is fixed at y 5 0, the piston is movable and its position y 5
H(t) is a function of time. Its movements, which in the pres-
ent study will be limited to the xy-plane, are either controlled
by specifying the vertical (i.e., in the y-direction) and hori-
zontal (in the x-direction) loads by which it is applied to the
suspension, Sv(t) and Sh(t), respectively, or by specifying its
corresponding velocity components Uv(t) and Uh(t), respec-
tively. A combination of the two modes of control can also
be envisaged, one could, e.g., specify Sv(t) and Uh(t).

As the resistance to liquid flow through the filter is zero,
the liquid pressure pc must there equal the ambient pressure,
which is arbitrarily set to zero,

pcðy ¼ 0Þ ¼ 0: (1)

Both components of the particle phase velocity, denoted
ud, are zero at the filter, as is the horizontal component of
the liquid phase velocity, uc,

udðy ¼ 0Þ ¼ 0; (2)

uc 3 eyðy ¼ 0Þ ¼ 0: (3)

The subscripts c and d are henceforth used to distinguish
between the liquid (continuous) and particle (dispersed)

phase, respectively. ex and ey are unit vectors pointing in the
horizontal and vertical directions, respectively. At the other
end of the domain, both phases move with the velocity of
the piston,

udðy ¼ HðtÞÞ ¼ ucðy ¼ HðtÞÞ ¼ UhðtÞex þ UvðtÞey: (4)

Note that ud and uc represent the mass averaged interstitial
velocities of the phases.

The second situation, i.e., the cross-flow filtration (cf.
Figure 1b), differs from the piston driven consolidation in
that the piston is replaced by an infinite body of liquid.
Next to the filter, at the onset of our experiment, there is a
layer of homogeneous suspension with thickness H0, con-
taining a finite amount of particles. The initial concentration
/0 is assumed lower than the gel value /g. A drainage flux
density J(t) perpendicular to the filter is achieved by main-
taining a constant pressure p1 in the particle free liquid.
Also, a constant flow U1 parallel to the plate (in the x-
direction) is generated in the bulk of the clear liquid far
above the mat. Since the amount of solid phase is limited,
all particles will eventually be deposited on the filter.
Asymptotically, a situation is reached in which there is a
mat of flocculated particles of thickness H1 residing on the
filter, through which there is a flow of clear liquid. It is this
asymptotic situation that will be considered. It shall become
clear later that our particular choice of initial particle con-
centration distribution results in a unique asymptotic solu-
tion that can be determined without solving the transient
consolidation process. The resistance to flow through the
particle structure results in a vertical hydrodynamic load
that increases progressively from zero at the top of the mat
to a maximum value at the filter. The horizontal bulk flow
results in horizontal stresses on the mat. It will later be
seen that both phases in the two-phase region move with
the same horizontal velocity. If the horizontal velocity at
the top of the mat in the asymptotic limit is denoted Uh1,
and the corresponding drainage flux J1, the shear stress
induced by the bulk flow on the suspension in the mat is

Rh1 ¼ �qcJ1ðU1 � Uh1Þ; (5)

where the parameter qc is the density of the continuous
phase. It is assumed that Uh1/U1 � 1, and Uh1 can hence
be neglected in Eq. 5.

Balance equations

The following quantities are defined,

jd ¼ /ud; (6)

jc ¼ ð1� /Þuc; (7)

j ¼ jd þ jc; (8)

jr ¼ jd � /j ¼ /ð1� /Þðud � ucÞ; (9)

where jd and jc are the particle and liquid volume flux den-
sities (i.e., the superficial velocities), j is the mixture (or sus-
pension) volume flux density, and jr is the dispersed phase
flux density relative to the mixture.

Figure 1. (a) Piston driven filtration; (b) cross-flow fil-
tration; asymptotic limit.

The two considered filtration applications. The piston
driven consolidation is controlled by specifying either the
load (Sv(t), Sh(t)) by which the piston is applied to the sus-
pension, or its velocity (Uh(t), Uv(t)). A combination of the
two modes of control is also possible. During the cross-
flow filtration, the vertical, and horizontal loads on the fiber
mat are generated by exposing the mat to a free stream
flow with vertical and horizontal asymptotic components
J1 and U1, respectively.
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The requirement of global volume continuity, and continu-
ity of the dispersed phase, read, respectively,

r � j ¼ 0; (10)

@/
@t

þr � jd ¼ 0: (11)

Neglecting all effects of inertia, the momentum balance
for the suspension mixture can be expressed as (see e.g.,
Ungarish,27 p. 22),

0 ¼ �rpc �r � rd þr � sNd: (12)

Above, rd is the stress tensor originating from deformation-
rate independent inter-particle forces, and sNd represents rate
dependent (viscous) stresses within the particle phase. For
simplicity, no such forces have been attributed to the liquid
phase, which is justifiable if the viscous liquid stresses are
small compared to the components of sNd. The stress tensor
rd can be split into an isotropic ‘‘particle pressure’’, denoted
pd, and a deviatoric remainder sd, according to

� rd ¼ �pdI þ sd; (13)

where I denotes the identity tensor. Traditionally, sd is not
included in studies of consolidation. Note that according to
Eq. 13 compressive stress components are positive.

The following constitutive relation is adopted for the rela-
tive flux density,

jr ¼ �/ð1� /Þ kð/Þ
lc

ðr � rd �r � sNdÞ: (14)

In Eq. 14, lc is the dynamic viscosity of the liquid phase,
and k(/) is the permeability of the particle network, for
which we take the relation

kð/Þ ¼ 1

3:5S20/
1:5

: (15)

It was suggested for low concentration pulp mats by
Ingmanson et al.,28 and the parameter S0 is the specific sur-
face of the fibres. The postulate Eq. 14 can be derived from
a two-fluid description of the suspension in which the
exchange of momentum between the phases is accounted for
by Darcy’s law. To close the system, constitutive relations
are needed for rd and sNd. We shall focus on the rate-inde-
pendent stresses, and refer to the Appendix for the viscous
stresses sNd.

Rate independent solid stresses

Let us assume that the dispersed phase behaves like a plas-
tic-rigid material. Subject to sufficiently small loads, the
solid phase resists all deformations. When the local stresses
fulfill the following yield criterion, which stems from the
modified Cam-clay theory introduced in the field of soil
mechanics by Roscoe and Burland,29 the particle phase will
deform irreversibly,

Fðrd;/Þ ¼ Fðpd; qd; p0ð/ÞÞ ¼ q2d �M2pdðp0ð/Þ � pdÞ ¼ 0:

(16)

Here, qd is (up to a constant factor) the von Mises effec-
tive stress used in classical plasticity theory. It is defined as

qd ¼
ffiffiffiffiffiffiffiffiffi
sijds

ij
d

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrijd �

1

3
dijrkkd Þðrijd �

1

3
dijrkkd Þ

r
; (17)

dij denoting Kronecker’s delta. The particle pressure
expressed in component form is

pd ¼ 1

3
rkkd : (18)

Equation 16 describes an elliptic ‘‘yield-surface’’ in pd 2
qd space, centered around (pd, qd) 5 (p0(/)/2,0), and with a
major and minor axis of length p0(/) and Mp0(/), respec-
tively. The /-dependence reveals that we assume the resist-
ance to deformation to be dependent on the local fraction of
particles. The function p0(/) expresses the yield limit when
purely isotropic loads are applied, and we adopt the relation

p0ð/Þ ¼ mð/� /gÞn; (19)

where m and n are positive constants. Equation 19 ensures a
strain-hardening behavior, and its form is motivated by previ-
ous observations indicating that the yield-limit in uniaxial
compression is consistent with power-law behavior.18

Whenever F(rd, /) \ 0, the stress-state lies ‘‘inside’’ the
yield-surface, and the dispersed phase behaves locally like a
stiff body. In a general situation the stress state in the parti-
cle phase would then not be determinate. One way to address
this problem is to prescribe an elastic behavior before irre-
versible deformations occur. We shall however simply
assume that, at all instants, the stresses in the solid phase are
such that the criterion Eq. 16 is fulfilled. As a consequence,
the model will not be able to properly describe situations
where the stress-state moves to the inside of the yield-surface
(unloading). Below it will become evident that this limitation
is not quite as restrictive as it might first seem.

We now adopt an associated flow rule. The flow potential
then coincides with the yield surface, and when deformations
occur, the components of the strain-rate tensor of the dis-
persed phase, ed, are obtained as

� eijd ¼ � 1

2

@uid
@xj

þ @ujd
@xi

 !
¼ X

@F

@rijd
; X � 0: (20)

Equation 20 implies that the deformation-rate vector (in
strain-rate space) is pointing in the direction of the outward
normal to the yield surface (a result of the principle of maxi-
mum plastic work). The negative sign in front of eijd ensures
that compression corresponds to negative values of !�ud,
and the proportionality factor X sets the magnitudes of the
components. If the six independent deformation rates eijd are
known, Eqs. 16 and 20 provide us with seven equations for
the six independent stresses rijd and X. Note that we could not
have determined the strain-rates from a known stress state, as
Eq. 16 only relates the (then) known stress components. In
traditional plasticity theory, where the stresses are provided by
elastic constitutive relations, the proportionality factor X
is determined by requiring that the stress state remains on
the yield-surface during its evolution due to strain-hardening
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(the ‘‘consistency condition’’). The strain-rates can then be
obtained.

Let us introduce the volumetric and deviatoric strain rate
invariants of the dispersed phase, corresponding to the defini-
tions Eqs. 17 and 18 for the stresses,

ep ¼ ekkd and eq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðeijd �

1

3
dijekkd Þðeijd �

1

3
dijekkd Þ

r
: (21)

Using Eqs. 17, 18, and 21 together with Eqs. 16 and 20,
we can derive that

ep ¼ �X
@F

@pd
¼ �2XM2 pd � p0ð/Þ

2

� �
; (22)

eq ¼ X
@F

@qd
¼ 2Xqd: (23)

Equations 16, 22, and 23 suffice to obtain pd, qd and X
from the deformation rate measures ep and eq. Combining
the last two expressions yields the following useful relations
for X,

X ¼ eq
2qd

¼ � ep

2M2 pd � p0ð/Þ
2

� � � 0: (24)

As a consequence of the inequality, compression (ep \ 0)
takes place for pd [ p0(/)/2, and expansion for pd \ p0(/)/2.
Isochoric deformations can occur only if pd 5 p0(/)/2, which
is referred to as the critical state. Of course, the deviatoric
deformation rate can then not be determined by Eq. 24.
From the yield surface Eq. 16 and the flow rule Eq. 20, it is
possible to obtain an arbitrary deformation-rate component as

eijd ¼ 2X � 1

3
M2 pd � 1

2
p0ð/Þ

� �
dij þ sijd

� �
: (25)

The constitutive theory for rd will now be applied to the
considered consolidation problem.

Analysis

Scaling

As a representative length scale in our problem, we iden-
tify in the piston driven case the initial distance between the
filter and the piston, and for the cross-flow filtration the
thickness of the initial suspension region†, both denoted H0.
We further let U0 be the velocity scale, and l a typical size
of the pores in the particle network. We shall use l 5 1/S0.
The magnitude of the rate-independent solid stresses is
denoted r1. The following scaled variables are defined,

x� ¼ x

H0

; t� ¼U0t

H0

; u�a ¼
ua
U0

; j�a ¼
j�a
U0

; e�d ¼
H0ed
U0

; (26)

X� ¼H0r1X
U0

; p�c ¼
l2pc

lcU0H0

; s�Nd ¼
H0sNd

ldU0

; r�a ¼
ra

r1
; (27)

Kð/Þ ¼ kð/Þ
l2

; P0ð/Þ ¼ p0ð/Þ
r1

; (28)

where the superscripts * indicate dimensionless quantities.
Above, ua denotes any of the velocities, ja represents all the
flux densities, and ra is either rd or (Sv(t), Sh(t)). Note that
the liquid pressure is scaled with an estimate of the inter-phase
drag (assumed given by Darcy’s law) accumulated over the
distance H0, and that sNd is scaled by an expression assuming
Newtonian viscous particle stresses, and further that this esti-
mate involves an effective particle phase viscosity ld.

Inserting the scaled variables into Eqs. 12 and 14, these
become, respectively,

0 ¼ �rpc � 1

Pe
r � rd þ Kr � sNd; (29)

jr ¼ �/ð1� /ÞKð/Þ
� 1

Pe
r � rd � Kr � sNd

�
; (30)

where the superscripts * have been dropped for ease of nota-
tion. We shall continue to do so. Two dimensionless groups
have appeared, a Péclet number

Pe ¼ lcH0U0

l2r1
; and K ¼ ld

lc

l

H0

� �2

: (31)

Pe expresses the ratio between transport of particles towards
the filter by convection, and relative transport away from the
filter due to gradients in the inter-particle stresses. Considering
that all particles are retained by the filter, these two mecha-
nisms must be equally important in the region next to the filter.
Hence, we set Pe 5 1. Consider now the piston driven filtra-
tion. When the piston is controlled by specifying its velocity,
we take U0 as the initial vertical velocity, Uv(0

1), immediately
after the consolidation process starts. The definition of Pe then
provide the stress measure r1,

r1 ¼ lcH0U0

l2
: (32)

On the other hand, if the process is controlled by the
applied loads, we let r1 be the initial vertical load, i.e.,
Sv(0

1). The velocity scale is then

U0 ¼ l2r1
lcH0

: (33)

The group L measures the significance of the viscous
stresses. Since l/H0 is small, these are only important to the
momentum balance of the mixture if ld/lc � 1. As shall
become clear below, even small rate-dependent stresses can
nevertheless have an influence on the behavior of the flow
field. Further, in regions where the solid phase network
reaches critical state, the applied load must necessarily be
balanced by rate-dependent stresses, as the then isochoric
deformations do not result in strain-hardening.

In the cross-filtration case, we shall use r1 5 p1, and
obtain U0 from Eq. 33. The nondimensional form of Eq. 5
then becomes,

X
h1 ¼�Re1

l

H0

� �2

J1; where Re1 ¼ qcU1H0

lc
: (34)

†
Taking the asymptotic thickness of the particle mat as the length scale would

be more physically relevant, but to control this parameter is more difficult than to
control H0 (or, rather, to control the total quantity of particles /0H0).
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Apart from Eqs. 5, 12, and 14, the relations retain their
appearances when scaled variables are introduced, except
that p0(/) should be replaced by P0(/) at all occurrences.
From now on, we shall only refer to scaled quantities, unless
otherwise explicitly specified.

Sheared consolidation

Assume a situation of plane strain in the xy-plane. Because
of the infinite dimensions of the domain, we suppose that
there are no horizontal gradients. Hence, from Eq. 10, the
mixture flux towards the filter, jy, is the same at all vertical
positions. In the piston driven and the cross-flow cases we
have, respectively,

jy ¼ UvðtÞ and jy ¼ JðtÞ: (35)

The horizontal and vertical components of the force bal-
ance Eq. 29 can be integrated to reveal, respectively,

sxyd þ KsxyNd ¼ RhðtÞ; (36)

pc þ ryyd � KsyyNd ¼ RvðtÞ; (37)

indicating how the applied load is distributed between differ-
ent types of stresses. During the cross-flow filtration, the ver-
tical load equals the liquid pressure, so that Sv(t) 5 1. From
Eqs. 30, 36, and 37, we obtain the relative flux density com-
ponents,

jxr ¼ 0 (38)

jyr ¼ �/ð1� /ÞKð/Þ @

@/
ðryyd � KsyyNdÞ: (39)

Consequently, both phases have the same velocity in the
horizontal direction.

From our assumptions about the deformations, we have
exxd 5 ezzd 5 exzd 5 eyzd 5 0. It follows from Eq. 25 that

sxxd ¼ szzd ¼�1

2
syyd ¼ 1

3
M2 pd�1

2
P0ð/Þ

� �
; sxzd ¼ syzd ¼ 0: (40)

Above, we have made use of the fact that skkd 5 0. For the
nonzero strain rates we obtain

exyd ¼ 2Xsxyd ; eyyd ¼ �2XM2ðpd � 1

2
P0ð/ÞÞ: (41)

The assumption made previously that the stress state
always fulfils the yield criterion provides us with a relation
between ryyd 5 pd 2 syyd and sxyd . Using the results Eq. 40,
the yield surface can be written as

ryyd � 1
2
P0ð/Þ

� �2
1
2
P0ð/Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

3
M2

q� �2 þ sxy
2

d

1
2
P0ð/Þ Mffiffi

2
p

� �2 ¼ 1: (42)

This is an ellipse in the plane ðryyd ; sxyd Þ, centered at
(P0(/)/2,0), and with a major and minor axis of length

P0ð/Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

3
M2

q
and P0ð/Þ Mffiffi

2
p , respectively (see Figure 2){.

The top of the yield-ellipse always remains on the dashed
straight line in the figure, when it expands or contracts due

to changes in the concentration. If the particle phase is not
subject to any horizontal shear stresses, the yield-limit is
given by the intersection of the ellipse and the horizontal
axis. Observe that the stress states on the ellipse of Figure 2
in the plane ðryyd ; sxyd Þ correspond only to part of the stress
states defined by the original yield surface in the (pd, qd)-
plane given by Eq. 16, since here we allow only a particular
class of deformations as previously described. As a result of
this, and the change of variables from (pd, qd) to ðryyd ; sxyd Þ,
the ellipse in Figure 2 has a different appearance than the
original yield surface. In particular, the stress state of the ori-
gin in the (pd, qd)- plane is not a part of the yield surface in
Figure 2 since that would correspond to an isotropic expan-
sion, a deformation excluded in our formulation.

As the flow rule Eq. 20 tells us that the deformation-rate
of the solid phase is perpendicular to the yield-surface, we
can also relate the horizontal and vertical directions in Figure
2 with compression in the y-direction and shearing in the x-
direction, respectively. Consequently, ryyd ¼ P0ð/Þ=2 sepa-
rates the possible stress states into two halves, such that
when ryyd is larger (smaller) than P0(/)/2, yielding of the par-
ticle phase will result in compression (expansion). This par-
ticular value of ryyd will be denoted rcð/Þ, and the corre-
sponding value of sxyd is sc(/). Thus, at the stress state

ðrcð/Þ; scð/ÞÞ ¼ P0ð/Þ
2

;
MP0ð/Þ
2
ffiffiffi
2

p
� �

; (43)

shearing of the solid phase obviously occurs without volu-
metric deformations, which hence corresponds to the critical
state, and the dashed line in Figure 2 is accordingly referred
to as the ‘‘critical state line.’’ If the flocculated structure
expands, the particle concentration decreases and the dis-
persed phase becomes weaker (the yield-surface shrinks). In
these situations, and at the critical state, rate-dependent
stresses or inertia are needed to determine the deformation
rates as strain-hardening fails to do so.

The cross-flow filtration asymptotic limit

We now proceed to consider the asymptotic limit of the
cross-flow filtration case. The vertical displacement of par-
ticles has then ceased, and, as uyd ¼ 0 everywhere, there is no
normal viscous stress syyNd in the flocculated network (cf. the
Appendix). Vertical load is transferred from the liquid to the
dispersed phase through inter-phase drag. Consequently, the
vertical stress ryyd will increase progressively, from ryyd ¼ 0 at
y ¼ H1; to ryyd ¼ 1 at the filter, where pc 5 0. Given our
assumption about an initially nonconsolidated suspension
ð/0 < /gÞ, the stress states at all positions in the consoli-

Figure 2. The yield-surface in the r
yy
d 2 s

xy
d -plane.

The dashed line indicates the position of the critical stress
state at different concentrations.

{
No deformations take place in the principal stress direction z. Thus, due to the

associated flow rule, the yield-ellipse Eq. 42 is a line on the surface of the yield-
ellipsoid in principal stress space, such that the normal to the surface along the
line has no component in the z-direction.
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dated mat are located on the yield surfaces corresponding to
the local volume fraction of particles. This would not neces-
sarily be true if a consolidated mat existed already at the
onset of the cross-flow filtration process, in which case parts
(or the whole) of the mat might be of sufficient strength to
withstand the applied loads, and the yield criterion would not
be everywhere fulfilled. In general, the solution for the as-
ymptotic limit depends on both the initial particle fraction
distribution and the way the loads are brought to their final
values (cf. Johnson and Jackson22). In the situation under
consideration, depending on the magnitude of the horizontal
load, one of three qualitatively different situations is obtained
as illustrated in Figure 3.

The top sub-figure illustrates the situation without horizontal
load. In the asymptotic limit, the entire mat is then stagnant. By
definition, the yield-surfaces associated with the solid phase at
various positions must pass through the rate-independent stress-
states ðryyd ; sxyd Þ at these positions. Hence, as sxyd ¼ 0 in the
absence of a shear load, the stress states in the mat are
located along the ryyd -axis on the series of yield surfaces rep-
resenting the strength of the mat at its local particle concen-
tration. These states are indicated by the thick line in the fig-
ure.

The middle sub-figure corresponds to a situation with a shear
load such that (1, Sh1) is located on the compression side of
the critical state line in ryyd � sxyd -space. The particle concen-
tration at y 5 0 is thus determined by the requirement that
the yield surface passes through the applied load (1, Sh1).
Further into the mat (i.e., for larger y), the vertical load
transmitted to the solid phase and the local particle concen-
tration are smaller. The yield surfaces must therefore there
pass through ðryyd ðyÞ;Rh1Þ, where ryyd ðyÞ and /(y) are
decreasing functions of y. This corresponds to moving along
the horizontal thick line in the figure. The rate independent
stress states thus creep towards the top of the yield-ellipses
as y increases until, at y 5 y1, critical state is reached. The
corresponding concentration is denoted /1. Up to this posi-
tion, the rate independent stresses have been able to balance
the applied load, and 0 � y � y1 is a stagnant region where
no deformations occur. At positions further away from the
filter (y[ y1), the solid phase is at critical state and

ryyd ðyÞ ¼ rcð/ðyÞÞ; (44)

sxyd ðyÞ ¼ scð/ðyÞÞ: (45)

In this region, the rate independent stresses are unable to bal-
ance the applied load alone (note that no yield surface corre-
sponding to a vertical stress ryyd \ rc(/1) passes through
(ryyd , Sh1) as this would represent an unstable state where
any small disturbance would lead to expansion and weaken-
ing of the particle phase). The rate independent stress states
given by Eqs. 44 and 45 correspond to the intersection
between the yield-surfaces and the critical state line. These
intersections are located along the slanted thick line. In this
region, as prescribed by Eq. 36, the viscous stress sxyNd balan-
ces the difference between Sh1 and the maximum rate-inde-
pendent shear stress sxyd 5 sc(/) that can be carried by the
solid phase without deforming. As / varies, so will the vis-
cous stress sxyNd.

The last of the sub-figures corresponds to a situation in
which (1, Sh1) is located on the expansion side of the criti-

cal state line. The entire mat is then in the same state of
shear flow as the region y [ y1 above, i.e., in this scenario
y1 5 0. We proceed under the assumption that Sh1 = 0 and
that y1 is finite, knowing that if this is not the case, only
minor adjustments of the analysis need to be made, as com-
mented upon below.

Since the network is uncompressed at y 5 H1, the net-
work has zero strength at that position, and

/ðy ¼ H1Þ ¼ /g: (46)

It follows from equation Eq. 36 that the shear load Sh1
must then be completely balanced by the viscous stress sNd

xy .

Figure 3. Yield surfaces (in nondimensional units) at
different vertical positions in the asymptotic
mat for different shear loads.

The straight line through the origin indicates the position
of the critical stress states. /w and /1 are the concentra-
tions at the filter and at the position separating the stagnant
and the continuously deforming regions, respectively. Top
figure: Sh1 5 0. Middle figure: Sh1 \ M=

ffiffiffi
2

p
. Bottom

figure: Sh1 [ M=
ffiffiffi
2

p
. The rate-independent stresses at dif-

ferent positions are given by the bold lines, with arrows
indicating the direction of increasing y. For some of these
states part of the corresponding yield surfaces are given by
the dashed curved lines. The small diagrams qualitatively
outline the concentration and horizontal flux profiles.
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Further towards the filter, the particle network will be
increasingly more compressed, and the yield surfaces of
finite size. An increasing fraction of Sh1 will therefore be bal-
anced by the solid stress component sxyd , and less by the vis-
cous stress sxyNd. At y 5 y1, the system is at critical state, but
all load is carried by the rate-independent stress. The concen-
tration /1 at this point can be determined from the relation

sxyd ¼ scð/1Þ ¼ Rh1
� 	

y¼y1
: (47)

Limiting the treatment to compressive stress states, the
yield surface Eq. 42 can be turned into a relation for ryyd ,

ryyd ðyÞ ¼ f ð/ðyÞ; sxyd ðyÞÞ: (48)

Equation 48 may, at least when P0(/) is given by Eq. 19,
be inverted with respect to /. By inserting the normal solid
stress at the surface of the filter, as well as sxyd ¼ Rh1, the
concentration at the filter is found to be

/ðy ¼ 0Þ ¼ /w ¼ f�1
/ ð1;Rh1Þ; (49)

the subscript / indicating the variable with respect to which
the inversion is performed.

As the vertical velocity of the dispersed phase is zero, it
follows from the definitions Eqs. 6 and 9 that jyr 5 2/ jy.
Using Eqs. 35 and 39, we then derive

J1 ¼ ð1� /ÞKð/Þ @r
yy
d

@y
; (50)

where J1 is the asymptotic limit of the drainage flux density
J(t). The stress ryyd is uniquely determined by /(y), albeit
through different relations in the upper and lower parts of
the mat. Consider first the region 0 � y � y1. Inserting
Eq. 48 into Eq. 50, a separable differential equation is
obtained, which when integrated from y 5 0 to a position y
� y1 turns into

yJ1¼
Z /ðyÞ

/w

ð1�/0ÞKð/0Þdf ð/
0;
P

h1Þ
d/0 d/0 0� y� y1: (51)

The load Sh1 is regarded as a parameter. Provided J1 is
known, Eq. 51 permits us to determine /(y) at any position
in the stagnant part of the mat. Specifically, if Eq. 51 is eval-
uated at y 5 y1, where / 5 /1 is calculated using Eq. 47,
we obtain an equation for the location of the boundary
between the shear-flow and the stagnant domains.

The upper part of the mat is treated in an analogous fash-
ion. The normal solid stress is now given by Eq. 44, and
we find by integrating the separable differential equation
from y 5 y1 that

ðy� y1ÞJ1 ¼
Z /ðyÞ

/1

ð1� /0ÞKð/0Þ drcð/
0Þ

d/0 d/0

y1 � y � H1: ð52Þ
Equation 52 yields the concentration in the shear-flow

region, again provided J1 is known. Evaluating the equation
at y 5 H1, where / 5 /g, an equation is obtained for the
thickness of the mat.

The drainage flux density J1 is determined from the
requirement that the total quantity of solid phase is con-
served, i.e.

/0 ¼
Z H1

0

/dy ¼
Z /g

/w

/0 d/0

dy

� ��1

d/0: (53)

The inverse of the concentration gradient can be obtained
in the upper and lower part of the mat by inserting, respec-
tively, Eqs. 44 and 48 into Eq. 50. Employing the results in
Eq. 53, the drainage flux is obtained,

J1 ¼ 1

/0

Z /1

/w

/0ð1� /0ÞKð/0Þ df ð/
0;
P

h1Þ
d/0 d/0

 

þ
Z /g

/1

/0ð1� /0ÞKð/0Þ drcð/
0Þ

d/0 d/0
!
: ð54Þ

In the special case when Sh1 5 0, there is no deforming
region, and the entire mat is treated as the domain y � y1.

We now consider what changes need to be made to the
analysis when Sh1 � M=

ffiffiffi
2

p
. The shear-flow region then

extends over the entire mat, i.e., y1 5 0. In the particular
case Sh1 5 M=

ffiffiffi
2

p
, the loads on the particle network are

just of the right strength to bring the stress state ðryyd ; sxyd Þ at
the filter surface to the critical state. Although the flocculated
structure is then at critical state at y 5 0, the rate-independ-
ent network stresses there completely balance the transmitted
load, and the viscous stress sxyNd is zero. Therefore, Eq. 49
can still be used to obtain /w 5 /1. At larger values of
Sh1, the concentration /w 5 /1 must instead be obtained
from the condition rc(/w) 5 1. Apart from this, the analysis
proceeds as described earlier for the shear-flow region.

When the concentration profile /(y) has been deter-
mined, it is straightforward to calculate the viscous
stress sxyNd ¼ Rh1 � scð/ðyÞÞ in the region y1 � y � H1.
The velocity profile uxdðyÞ is then readily obtained, the
result depending on the chosen constitutive model for the
rate-dependent stresses. It is worth pointing out that the so-
lution for the concentration is the same for all loads Sh1
� M=

ffiffiffi
2

p
. The viscous stress sxyNd will however change, and,

by consequence, the velocity profile. We have in the analy-
sis assumed that Sh1 is given a priori. The horizontal bulk
velocity required to generate the shear load can be
calculated a posteriori from Eq. 34 once J1 has been
determined.

The piston driven filtration

To guide the reader through the analysis of the piston
driven filtration, Figure 4 qualitatively illustrates the evolu-
tion of the volume fraction of solids between the plates, the
yield surfaces, and the horizontal flux profiles, when the con-
stant load (1, Sh) is suddenly applied at t 5 01 in a situation
without viscous stresses. Initially, the concentration is homo-
geneous /0 and all parts of the suspension are described by
the same yield surface. It is assumed that Sh \ sc(/0) in
order to avoid that any part of the network reaches critical
state. When the load is applied, the concentration immedi-
ately rises to /w at the filter (cf. Eq. 59), which also corre-
sponds to an instantaneous enlargement of the yield surface
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at that position. The upper part of the network is unaffected,
and the yield surfaces are unchanged. This part of the net-
work translates horizontally as a stiff cake. Progressively, the
consolidation will spread to the remaining parts of the net-
work with corresponding enlargements of the yield surfaces,
until eventually the concentration has become homogeneous
and equal to /w. All parts of the network are then described
by the same yield surface again.

A transport equation for the dispersed phase is obtained
by inserting the relation between jd and jr, obtained from
Eq. 9, into Eq. 11, and employing the global conservation

of volume Eq. 10. If Eq. 35 is then used in this equation, we
find

@/
@t

þ UvðtÞ @/
@y

þ @jyr
@y

¼ 0: (55)

The viscous stresses will be neglected in the following
analysis, i.e., we set L 5 0. This is consistent with the hy-
pothesis made by Buscall and White7 that the deformation of
the solid phase is rate-determined by the resistance to dis-
place the two phases with respect to each other, rather than
by the resistance to relative movements between particles. It
has since been employed in several studies, see, e.g., Howells
et al.9 and Landman et al.10 The corresponding (more
complex) treatment of the viscous case is provided in the
Appendix.

To avoid situations where viscous stresses are needed, we
assume that the stress-states at all positions, and at all times,
are such that ryyd > rcð/Þ, i.e., on the compressive half of
the yield-surface in Figure 2. Equation 48 can then be
employed.

Eliminating X from the expressions in Eq. 41, and intro-
ducing ryyd , we can relate the deformation rates for a given
stress state,

exyd ¼ �ð1þ 2
3
M2Þ

M2

sxyd
ðryyd � 1

2
P0ð/ÞÞ

eyyd : (56)

Equations 48 and 56 provide the necessary constitutive
coupling between stresses and nonzero deformation rates in
the flocculated phase.

By combining the results Eqs. 36, 39, 55, and 48, we find
an equation for the concentration,

@/
@t

þ UvðtÞ @/
@y

¼ @

@y
Dð/;RhðtÞÞ @/

@y

� �
; (57)

where the ‘‘diffusivity function’’ is

Dð/;RhðtÞÞ ¼ /ð1� /ÞKð/Þ @f
@/

ð/;RhðtÞÞ: (58)

The advection-diffusion equation Eq. 57§ has the same
appearance as its counterparts in studies of uniaxial pressure fil-
tration (see, e.g., Landman et al.10). The difference is that gener-
alizing the yield-stress concept to include the shear-strength of
the flocculated network has introduced an explicit time-depend-
ence in the diffusivity function. As Sh(t) can be controlled exter-
nally, we have some influence over the diffusivity.

The boundary conditions needed to solve Eq. 57 are differ-
ent depending on whether we control the piston by the
applied load, or by prescribing its displacement velocity.
Assume first the former alternative, Eqs. 1 and 37 then imply
that ryyd ð0; tÞ is known. So is sxyd from Eq. 36, and thus Eq.
48 implicitly provides the volume fraction of particles at the
filter,

/ð0; tÞ ¼ f�1
/ ðRvðtÞ;RhðtÞÞ: (59)

Figure 4. Qualitative yield surfaces at different vertical
positions and different instants of time for
the piston driven filtration when a constant
load (1, Sh) is suddenly applied at t 5 01.

The small diagrams qualitatively outline the concentration
and horizontal flux profiles. Cf. also the caption of Figure 3.

§
Note that for all / � /g, rd

yy : 0, resulting in D : 0. Equation 57 is then of
hyperbolic type. However, this is of no concern to us, since we have assumed the
suspension to be completely flocculated.
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According to Eq. 4, the relative flux is zero at the piston,
which through Eq. 39 translates into

@ryyd
@y

ðHðtÞ; tÞ ¼ @/
@y

ðHðtÞ; tÞ ¼ 0: (60)

Using Eqs. 2 and 35 in the definition Eq. 9, we get the
vertical relative flux at the filter in terms of Uv(t) and /(0,t).
The vertical piston velocity is obtained by combining this
result with Eq. 39,

UvðtÞ ¼ ð1� /ÞKð/Þ @r
yy
d

@y


 �
y¼0

¼ Dð/;PhðtÞÞ
/

@/
@y


 �
y¼0

:

(61)

The vertical velocity component is apparently influenced
by the applied horizontal shear stress.

To obtain the horizontal velocity of the piston, we first
need the deformation rates of the network. Using Eqs. 36
and 48 to eliminate the network stresses in Eq. 56 yields,

exyd ¼ �gð/;RhðtÞÞeyyd : (62)

The deformation rates are related to the flux densities as

exyd ¼ 1

2

@jx

@y
; eyyd ¼ @

@y

jyr
/

� �
: (63)

The relative flux density in the relation for eyyd can be
rewritten as an expression containing Dð/;RhðtÞÞ and the
gradient of / using Eqs. 39, 48, and 58. Then, insertion of
the deformation rates into Eq. 62, followed by integration,
yields the horizontal mixture flux density

jxðy;tÞ¼2

Z y

0

gð/;RhðtÞÞ @

@y0
Dð/;PhðtÞÞ

/
@/
@y0

� �
dy0; (64)

where the condition jx(0,t) 5 0 has been introduced. As
jxr ¼0, it follows that uxd ¼ uxc ¼ jx, and the desired velocity
component is UhðtÞ¼ jxðHðtÞ;tÞ.

When the piston velocity is set, Eq. 60 is still used as a
boundary condition. By rewriting Eq. 61, a condition for the
concentration gradient at y 5 0 is obtained, that replaces Eq.
59. The shear stress appearing in the equations is obtained
by solving Eq. 64, evaluated at y 5 H(t), for Sh(t) as a func-
tion of Uh(t).

Finally, if we decide to specify Sv(t) and Uh(t), we use
Eqs. 59–61, but determine Sh(t) from Uh(t) in the manner
just described.

Equations 57–64 have been solved numerically. To facili-
tate the numerical treatment, a change of coordinates, y 5
H(t)~y, was undertaken in order to have a domain with fixed
boundaries, ~y [ [0,1]. The spatial discretization was then per-
formed using the Galerkin formulation of the finite element
method with linear interpolation functions. For the time-de-
rivative, the implicit Crank–Nicolson formulation was
employed. The complete discretization is thus of second
order accuracy in both space and time. The implementation
of the algorithm was carried out by formulating the problem
in variational form, and then using the package femLego for
automated code generation.30

A shooting method based on Eq. 64 was used to obtain
Sh(t) when Uh(t) was specified. For each time-step, the Eqs.
57–61 were solved using a guessed value for Sh(t), which
was updated till the correct value of Uh(t) was found.

To produce the presented computational results, the do-
main ~y [ [0,1] was resolved with 400 elements of uniform
size. The nondimensional time step Dt was 3.1 3 1027.

Results

For the parameters in Eq. 19 determining the isotropic
yield limit, and the specific surface, we chose the values
used by Zahrai et al.,31 i.e., m 5 500 kPa, n 5 2.5, and S0
5 l21 5 18 3 105 m21. Buscall et al.17 conclude that the
yield stress in shear for a strongly flocculated polystyrene la-
tex suspension appears to be one to two orders of magnitude
smaller than the corresponding uniaxial limit, and Buscall
and White7 argue that this is reasonable, since in shear a sub-
stantially larger fraction of the network bonds are in a state
of tension. Consequently, M was set to the value 0.287, giv-
ing a critical shear stress sc(/) that is a fraction 0.1 of the
yield limit in uniaxial compression. The viscosity of the con-
tinuous phase was lc 5 1023 Pas. In all the presented
results, the stress scale r1 was 1 kPa (i.e., Sv(t) or p1 was 1
kPa), and H0 5 0.01 m. Thus, according to Eq. 33, the ve-
locity scale is U0 5 1/324 3 1022 m/s, and the time-scale is
H0/U0 5 324 s. In the cross-flow filtration case, /0 5 0.005
and /g 5 0.01, whereas for the piston driven filtration the
corresponding values were /0 5 0.05 and /g 5 0. The latter
choice of gel concentration was motivated by simplicity
since, by assumption, /0 [ /g.

Cross-flow filtration

Concentration profiles corresponding to four different shear
loads are plotted in Figure 5. When the horizontal load Sh1
\ M=

ffiffiffi
2

p
, there is a stagnant region adjacent to the filter, in

which the particle stresses balances the applied load without
the network continuously deforming. The kinks on the curves
mark the boundary between the stagnant lower part of the

Figure 5. Asymptotic concentration profiles for the cases
Sh‘ 5 0, 1023, 1022, 5 3 1022 and ‡ M=

ffiffiffi
2

p
.

The kinks on the curves for Sh1 5 1023, 1022, 5 3 1022

occur at y 5 y1. m/p1 5 500, n 5 2.5, M 5 0.287, /0 5
0.005, /g 5 0.01.
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mat, and the shear-flow region on top. At higher shear loads,
the network gets more compacted and the stagnant region
progressively thinner, until, at the load Sh1 5 M=

ffiffiffi
2

p
, it

only just fails to appear. The entire suspension mat is then
flowing. Increasing Sh1 even further does not change the so-
lution for the particle concentration, although the shear rates
in the suspension will naturally become larger.

Paradis et al.32 measure the evolution of the drainage re-
sistance of a fiber sheet, as it is formed under constant drain-
age pressure and a hydrodynamically applied shear load. The
drainage resistance coefficient is defined as the drainage pres-
sure divided by the product of the drainage flux and the in-
stantaneous mat thickness. They find that increasing the shear
load results in an increased drainage resistance coefficient for
a given surface density of the formed sheet. In the scaled
variables employed in the present study, their nondimen-
sional drainage coefficient corresponds to 1/(H|J|). This quan-
tity is plotted in Figure 6 as a function of the shear load for
the same cases as in Figure 5, together with the magnitude
of the drainage flux. The same trend regarding the influence
of the shear on the resistance coefficient is seen as was
observed by Paradis et al.32 One should bear in mind, how-
ever, that their measurements were obtained during the tran-
sient stage of a drainage process, whereas our results stem
from a steady state asymptotic analysis.

Piston driven filtration

In the presented calculations, the initial horizontal load
was set to zero, while the vertical load was given the value
required to precisely balance the stresses in the solid phase
at the onset of the consolidation process. At t 5 0 the piston
was thus still. In the purely plastic simulations, the vertical
load Sv was then instantly raised at t 5 01 to a higher value,
and then kept constant, while simultaneously Uh(t) was sud-
denly increased to a constant value. If viscosity is included,
the same procedure would yield very different velocity pro-
files at small times, as compared to the inviscid case (cf. an
impulsively started plane Couette flow for which inertia is
neglected). Instead, for reasons explained in the Appendix,
the horizontal piston velocity was ramped linearly over a

very short time interval to the desired value Uh, after which
it was kept constant.

Figure 7 illustrates the evolution of the gap size H(t) for
several inviscid cases and one viscous simulation in which L
5 5.6 3 1023. For reference to dimensional units, using the
example of dimensional scales from the beginning of the
Results section, one finds that Uh corresponds to a dimen-
sional velocity of 0.01 m/s and that the graph in Figure 7
covers a time interval of about 18 s. The shear loads Sh(t)
required to achieve the chosen values of Uh are shown in
Figure 8. It is evident from Figure 7 that the consolidation
rate is increased when a shear load is applied. We note that
combining a constant vertical load with a constant horizontal
piston velocity will eventually result in a situation of pure
shear deformation when the compression of the network
stops and Sv is balanced by the particle stresses. It is a con-
sequence of the associated flow rule that the critical state
(rc(/), sc(/)) has then been reached at all points between
the plates. When the drainage ceases, the liquid pressure is

Figure 6. Drainage resistance coefficient (left subfigure) and drainage flux (right subfigure) as functions of the
shear load for the cases in Figure 5.

Cf. the caption of that figure for parameter values.

Figure 7. A comparison between different cases of the
evolution of the gap H(t).

In all simulations Sv(t) 5 1. Dashed lines: Purely plastic
cases. ^: Uh 5 0, ~: Uh 5 32.4, *: Uh 5 162, &: Uh 5
324. Solid line: Visco-plastic calculation (only sxyNd = 0),
Uh 5 3240, L 5 5.6 3 1023. The horizontal line H 5
H1 corresponds to the asymptotic gap size when Uh = 0.
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identically zero, and we have from Eq. 37 that limt?1rd
yy 5

rc(/1) 5 Sv. It follows that the asymptotic limit concentra-
tion, denoted /1, is uniquely determined by the vertical
load, and that it is necessarily homogeneous. Conservation of
mass yields the asymptotic distance between the plates, H1.
Further, we conclude that the network shear stress sd

xy will
asymptotically everywhere approach the same constant value,
namely sc(/1). In a purely plastic case, it follows from Eq.
36 that this is also the value of the asymptotic shear load
applied by the piston, whereas in the visco-plastic case the
applied load must be larger to overcome the viscous resist-
ance to deformation, i.e., LsNd

xy.
Since L � 1, the influence of the viscous stresses in the

balance Eqs. 36 and 37 is however small. Including viscous
stresses in any of the purely plastic simulations in Figures 7
and 8 would not change the corresponding curves signifi-

cantly. When trying to explain the effects of the applied
shear load on the rate of the consolidation process, we can
therefore neglect the viscous terms in Eqs. 36 and 37. Now,
consider some position in the flocculated network where the
concentration is /, which according to Eq. 42 corresponds to
a yield-surface of a certain ‘‘size’’ (e.g., the one seen in Fig-
ure 2). If sd

xy 5 0, the capacity of the network to carry a ver-
tical load is given by the intersection between the yield-sur-
face and the rd

yy -axis. If a shear load is applied so that sd
xy

= 0, the ability of the network to support the vertical load is
smaller. From Eq. 37 we can therefore conclude that if the
suspension is subjected to a shear load in addition to the ver-
tical load, a larger part of the latter must be balanced by the
liquid pressure, i.e., the pore pressure increases. The result is
an increased drainage rate, as seen in Figure 7. The effect
should become more pronounced for higher shear loads,
which is confirmed by the results in Figures 7 and 8. The
evolution of the concentration profiles in the gap between the
plates is not presented for the considered cases, as they are
qualitatively similar to those obtained during uniaxial consol-
idation processes.

It is interesting that, in the absence of viscous stresses, dif-
ferent asymptotic velocity fields (given by different horizon-
tal velocities Uh) correspond to the same asymptotic piston
load limt?1(Sv(t), Sh(t)). By consequence, with the purely
plastic model, the deformation-rates are dependent on the
history of the load process. The same conclusion cannot be
drawn about the viscous model, where the contribution from
the rate-dependent stresses yields a different asymptotic load
Sh(t?1) for each value of Uh.

Figure 9 contains horizontal velocity profiles at different
instants for one visco-plastic and one purely plastic case. For
numerical reasons it was not possible to continue the purely-
plastic simulation beyond t 5 0.057, and there is thus one
less purely plastic profile than there are visco-plastic ones in
the figure. In both simulations, the suspension close to the
piston initially translates like a stiff cake, and it is only in
the region next to the filter that the strain rates are finite.
However, the region in which deformations of the suspension

Figure 8. A comparison between the same cases as in
Figure 7 of the shear load Sh(t) applied by the
piston.

Cf. the caption of that figure for an explanation of the dif-
ferent line-types. For the case corresponding to Uh 5 0, we
have Sh : 0. The horizontal line Sh 5 S1 corresponds to
the asymptotic load in the purely plastic simulations.

Figure 9. Comparison between visco-plastic (solid lines) and purely plastic (dashed lines) velocity profiles when
Sv and Uh are kept at constant values (1 and 324, respectively).

Only sxyNd = 0. Left subfigure: t/1023 5 0.5, 0.9, 1.8, 3.5, 7. Time increases with distance from bottom right corner. Right subfigure:
t/1023 5 14, 28, 57, 100. Time increases with distance from top left corner. Only the visco-plastic profile is plotted for the largest time.
L 5 5.6 3 1022.
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structure occur grows progressively, till it fills the entire gap.
At the instants of the last of the profiles, plots of the quanti-
ties H(t) and Sh(t) would reveal that the concentration and
the piston loads are very near their asymptotic values. The
systems are then hence very close to being at critical state
everywhere. As seen in Figure 9, the asymptotic velocity
profile in the purely plastic case does not appear to approach
a linear shape, and as the horizontal strain-rate is absent
from the force balance when L 5 0 (cf. Eq. 36), there is no
reason that it should. The situation is different in the pres-
ence of a non-zero viscous stress sNd

xy. Since the solid stress
sd
xy(y, t?1) equals the constant value sc(/1), it follows
from Eq. 36 that viscous stress sNd

xy must be spatially constant,
which in turn implies the same for the only nonzero strain-
rate ed

xy since it uniquely determines sNd
xy . The visco-plastic

model hence results in a linear velocity profile, as seen in
Figure 9. A warning should be issued, however. The visco-
plastic profile at t 5 0.057, which corresponds to the last of
the purely plastic profiles, is not perfectly linear. Hence, the
visco-plastic simulation has at that point not yet reached the
asymptotic state. It is likely that the same is true of the
purely plastic calculation, and we therefore do not know the
precise shape of limt?1ud

x(y, t) in this case. However, the
difference between the purely plastic and the visco-plastic
profiles at t 5 0.057 is significantly larger than at earlier
instants. This could indicate that the purely plastic solution is
close to its asymptotic shape, since it evolves at a markedly
lower pace than the visco-plastic counterpart.

The horizontal deformation of the network that occurs dur-
ing sheared consolidation is of interest to some applications
where it is desirable to smear out inhomogeneities in the par-
ticle concentration, e.g., paper manufacturing. Figure 10

therefore shows the deformation of an initially straight verti-
cal material line in the flocculated network, for one of the
purely plastic simulations. Some particle trajectories are also
plotted.

Finally, it is appropriate to make a short comment on the
scaling. Only the purely plastic case is considered, the vis-
cous case is commented upon in the Appendix. From the
work on uniaxial pressure filtration by Landman et al.10 we
know that some of the scales introduced in this study are
only relevant after sufficiently long times. Those researchers
find that, when no shearing is done and at small times, the
true length and velocity scales of the problem are a fraction
Ht and 1/Ht, respectively, of those presently used. The result
should carry over to sheared consolidation, provided the
employed loads Sh(t), and consequently sd

xy, are small in
comparison with the vertical stresses rd

yy. As this is the case
at the initial stages of the process, it immediately explains
the initially high downward velocity of the piston in Figure
7. Consider now the situation where the horizontal piston ve-
locity is set to a constant value Uh. The integral in Eq. 64
evaluated at the piston is then constant. The diffusivity,
defined by Eq. 58, is not affected by the differing initial
scales, and we therefore conclude, based on our knowledge
of the behavior of the length scale, that the function g(/,
Sh(t)) should scale with Ht at small times. From Eqs. 56 and
62, it follows that sd

xy, and consequently Sh(t), must do so as
well, which explains the rapid increase of the loads in Figure
8. This is confirmed by the logarithmic plots of the small
time behaviour of Sh(t) in Figure 11.

Discussion

A characteristic of the inviscid critical state plasticity
theory is that, when the solid structure attains critical state,
deviatoric deformations occur at an undefined rate. In the
present study this was exemplified by the observation that

Figure 10. The deformation of a material line in the
flocculated network.

At t 5 0, the vertical load and the horizontal velocity of
the piston are suddenly increased to Sv 5 1 and Uh 5
32.4, respectively, and then held constant. The material
line is initially vertical, and is illustrated by the solid
curves at the instants stated in the figure. The dash-dotted
lines are particle trajectories.

Figure 11. The small time behavior of the horizontal
piston load Sh(t) in the purely plastic simu-
lations presented in Figure 8.

The corresponding solid lines are plots of Sh(t) 5
5.22UhHt. Values for Uh are stated in the figure. Note
that the dimensionless time step Dt 5 3.1 3 1027, and
that the smallest time scales are not resolved.
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the asymptotic velocity field is dependent on the load history
in the purely plastic simulations of piston driven filtration. In
the original field of application of the theory, soil mechanics,
relatively little attention has been paid to the evolution of the
system once the critical state is attained, as this usually rep-
resent failure of the structure under consideration. During
sheared consolidation, it is however difficult to disregard
from the behavior of the suspension when the particle net-
work reach critical state. By including viscous stresses, in
addition to the plastic stresses, the deformation-rates become
well-defined also at the critical state. In the present study,
viscous stresses of Newtonian character are attributed to the
particle phase. Although the scaling analysis reveals that
these rate-dependent stresses are small in comparison to the
solid stresses, it is nevertheless seen that they effectively
resolve the issue of undefined deformation rates when some
part of the flocculated network attains critical state. An addi-
tional benefit is that they improve the stability of the numeri-
cal algorithm. The simulations revealed that there was a limit
to how close to critical state the system could get using the
algorithm for the purely-plastic model. In a more complex
situation than the one treated here, the need to prevent a
break-down of the model because of the undefined behavior
at critical state is even larger, since it is then difficult to con-
clude a priori if the system at some point will reach critical
state or not.

Inertial effects were neglected in the analysis. This is com-
mon practice in studies of uniaxial compression,12 and during
piston driven consolidation it is normally motivated during
the predominant part of the process. The exception is at the
onset of the loading, when a finite force that is suddenly
applied to the piston can yield very high drainage velocities
if the resistance of the filter is low (indeed, a perfectly per-
meable filter yields an infinite velocity at t 5 01). The iner-
tial terms in the horizontal direction can be estimated by
considering the quantity

qdU0H0

lc

� �
l

H0

� �2 @uxd
@t

þ uyd
@uxd
@y

� �
; (65)

where qd is the density of the solid constituent (we here
choose to focus on the particle phase, but this is of no impor-
tance if the solid and the liquid are of comparable densities
and are displaced at similar rates). Naturally, the presence of
the factor uyd in the third term might result in significant iner-
tial effects at the onset of the consolidation process for the
reasons explained above. During the remaining part of the
compaction process, inertia can usually be neglected also in
the horizontal direction.

Conclusion

Previously, the concept of a particle concentration depend-
ent yield-stress has been used to model uniaxial consolidation
of flocculated suspensions.7,10 The present work generalizes
the yield-stress concept to comprise flocculated phase shear
strength. It is found that the evolution of the volume fraction
of solids quantitatively exhibits the same behavior as during
uniaxial consolidation. The treatment of the piston driven
consolidation process reveals, however, that applying a shear

load increases the rate of the dewatering because of the gen-
eration of higher pore pressures. Such an effect could in a
real suspension be attributed to restructuring of the network,
and increased loading of the inter-particle bonds due to the
additional horizontal load component. The additional velocity
component present during shearing is also interesting to
applications, as it provides a way of influencing the morphol-
ogy of the compressed solid phase, e.g., by smearing out
inhomogeneities.

We have combined a plasticity model for the quasi-static
yielding of soil, and incorporated it into a two-phase model
for the flocculated suspension. Although here applied to one-
dimensional compression, the approach should be possible to
extend to more complex situations involving a dispersed
solid phase possessing an inner strength. Some complications
would appear, however. The reader’s attention is directed to
the assumption that the yield criterion is always fulfilled. As
long as the load transmitted to the network is not relaxed at
any material point, it is valid. In spatially one-dimensional
problems, it is fairly straight-forward to ensure that the
requirement is fulfilled by choosing appropriate external
loads and initial conditions. However, in a general situation,
a constitutive description is needed for the behavior of the
suspension at stress states that are not located on the yield
surface. The modeling choices made, in particular our choice
of yield surface and the associated flow rule, were motivated
by simplicity. Naturally, they have to be adapted to the sus-
pension under consideration. Unfortunately, we are not aware
of any experimental work that provides enough data to trace
out the yield surface of a flocculated suspension in e.g.,
ryyd � sxyd space, let alone to determine the flow rule.

It is our hope that it will be possible to continue to draw
upon the knowledge and models gathered in the field of soil
mechanics to deal with other issues relevant to strongly floc-
culated suspensions, e.g. the effects of anisotropy.
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Appendix

Incorporating viscous stresses

When viscous stresses are present, the treatment of the pis-
ton-driven case need to be modified as described below.

By limiting ourselves to situations in which sxyd � 0 , we
can rewrite Eq. 42 as a relation for sxyd ,

sxyd ¼ hð/; ryyd Þ: (A1)

When Eq. 56 is rewritten in the following form, it is valid
also at the critical state ryyd ¼ P0ð/Þ=2,

M2 ryyd � 1

2
P0ð/Þ

� �
exyd þ 1þ 2

3
M2

� �
sxyd e

yy
d ¼ 0: (A2)

Adopting a Newtonian description for the rate-dependent
particle stresses (a choice made arbitrarily for modeling sim-
plicity) one has the nonzero viscous stress components

sxyNd ¼ 2exyd ; (A3)

syyNd ¼
4

3
eyyd : (A4)

A viscous counterpart to equation Eq. 57 for the concen-
tration is obtained by combining Eqs. 39, 55, and A4 into

@/
@t

þ UvðtÞ @/
@y

� @

@y
/ð1� /ÞKð/Þ @

@y
ryyd � 4K

3
eyyd

� �� �
¼ 0: ðA5Þ

Again using Eqs. 39 and A4, this time with the result Eq.
63, yields an equation for the normal deformation-rate,

eyyd þ @

@y
ð1� /ÞKð/Þ @

@y
ryyd � 4K

3
eyyd

� �� �
¼ 0: (A6)

In addition, Eqs. 36, A1, A2, and A3 can be used to derive
the following algebraic equation, connecting the dependent
variables in Eqs. A5 and A6,

M2 ryyd � 1

2
P0ð/Þ

� �P
hðtÞ � hð/; ryyd Þ

2K

þ 1þ 2

3
M2

� �
hð/; ryyd Þeyyd ¼ 0: ðA7Þ

Consider now the boundary conditions needed to solve
Eqs. A5 and A6, assuming that the piston is load-controlled.
From Eqs. 1, 37, and A4, we find that the following condi-
tion must be fulfilled at the filter,

ryyd � 4K
3

eyyd


 �
y¼0

¼ RvðtÞ: (A8)

At the other end of the domain, the vertical velocity of
both phases are equal to the velocity of the piston, i.e.,
jyr ¼ 0; and Eq. 39 tells us that

@

@y
ryyd � 4K

3
eyyd

� �
 �
y¼HðtÞ

¼ 0: (A9)

When the piston is load-controlled, its velocity compo-
nents need to be solved for, notably UvðtÞ which appears ex-
plicitly in Eq. A5. Using the condition Eq. 2, which corre-
sponds to jd 5 0 at the filter, and the result Eq. 35 in Eq. 9,
we get a relation for the vertical piston velocity,

UvðtÞ ¼ � jyr
/


 �
y¼0

¼ ð1 � /ÞKð/Þ @

@y
ryyd � 4K

3
eyyd

� �
 �
y¼0

: (A10)
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The horizontal component of the solid phase velocity, uxd;
can be obtained by first calculating the velocity gradient
@uxd=@y from Eqs. 20, 36, A1, and A3, and then integrating
in the direction away from the filter, revealing

uxdðy; tÞ ¼
Z y

0

P
hðtÞ � hð/; ryyd Þ

K
dy0; (A11)

where the condition uxdð0; tÞ ¼ 0 has been used. As jxr ¼ 0,
Eq. A11 also provides the horizontal liquid phase velocity,
as well as the corresponding mixture flux density component
jx. Further, the piston velocity in the x-direction is
UhðtÞ ¼ uxdðHðtÞ; tÞ.

When the piston velocity is directly controlled, Eq. A9 is
still used as a boundary condition. However, the Eq. A10
replaces Eq. A8 as the condition applied at the filter. The
shear stress appearing in the equations is obtained by solving
Eq. A11, evaluated at y 5 H(t), for Sh(t) as a function of
Uh(t). The necessary vertical load Sv(t) is determined a pos-
teriori from Eq. A8.

Frequently, we have also chosen to specify the com-
bination Sv(t) and Uh(t), in which case Eqs. A8–A10 are
used as in the load-controlled case, but the necessary shear
stress Sh(t) is determined as in displacement-controlled simu-
lations.

To prevent a break-down of the model when some point
of the flocculated phase reaches critical state, it is in our par-
ticular plane-strain problem only necessary to include the
stress component sxyNd. The governing equations for this situa-
tion can be obtained from those presented above, by simply
inserting syyNd ¼ 0. Practically, this amounts to removing the
group 4eyyd =3 at all occurrences.

The scales at small times differ from those obtained in the
purely plastic case. Assume first that only sxyNd 6¼ 0, as in the
presented simulations. It then follows from Eq. A5 that the
length scale of the deforming region next to the filter and
UvðtÞ scale as

p
t and 1=

p
t, respectively. Consequently, in

this region, eyyd behaves as 1=t, and, if we assume that the
horizontal velocity is ramped linearly, exyd as

p
t. From Eq.

A2, we conclude that sxyd scales as t
p
t, which is a factor t

smaller than in the inviscid case. Finally, Eq. A7 requires
that Sh(t) increases as

p
t, i.e., the same as in the purely

plastic case. Note that the viscous stress sxyNd is a factor 1/t
larger than the rate-independent stress sxyd . If also syyNd 6¼ 0, a
similar analysis would reveal that Uv(t), e

yy
d , and sxyd scale asp

t, 1 and
p
t, respectively. The other quantities retain their

behaviors. Note that in the essentially non-deforming larger
region next to the piston, the horizontal load at small t is bal-
anced by sxyd ¼ RhðtÞ, whereas sxyNd is zero.
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